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3

tation.
We can conceive a classification of the various impact events, as in

the next figure.
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A general classification of
structural impact based on
the strain rate, which is
proportional to the impact
velocity.

The most obvious approach would be to use the impact velocity as
the major variable dictating the type of impact and its consequences.
The objects involved in the impact may also serve for classification pur-
poses. It can be seen that impact can take place, for instance, among
objects that do no deform much, such as the classic impact between two
billiard balls. This rigid impact event is in contrast with the impact
of a ball hitting a flexible beam, leading the latter to vibrate. In this
elastic impact event, the propagation of waves along the structure is an
important feature that needs to be taken into account. Another common
type of impact is when the colliding bodies deform permanently, like the
impact of two cars. This impact event is usually associated with large
permanent deformation of the material. Scientists at Sandia National

Laboratories, in USA, blasted
in 1994 a small projectile to a
speed of 18 km/s. This is one
of the highest velocities ever
reached by an object on
earth.

In the cases above, the impact velocity is crucial in determining the
structure behaviour and we refer to high and hyper velocity impact, the
former being, for instance, the impact of a bullet (say 600 m/s) and the
latter the impact of a meteorite on a space station (say 20 km/s).

In a general classification some phenomena are manifested in a more
pronounced way. For instance, in impact events at low velocity, we shall
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20 Chapter 1. Introduction to structural impact

Basically, in the former method, one strives to solve the equilibrium
equation of a structure in its differential form while in the FEM the
equations are of algebraic nature. This requires simple procedures, eg
Gauss elimination, to solve a system of equations whose unknowns are
the displacements of various points (domain) of a structure. Such a
procedure can be carried out along time so one has a complete description
of the structure motion in space and time.

The immediate question that arises is why to develop further ana-
lytical models. Why not to use exclusively FEM structural analysis?

The answers to these questions are manifold. First of all, analytical
solutions can disclose features of a phenomenon that are presented in
the numerical solution but that are not evident to the analyst. A good
example in the context of this book is the axial impact of a mass on a
tube. We shall see in Chapter 6 that it is possible to obtain a simple
expression for the peak load, for a given material, geometrical and impact
conditions, which are useful in the design of a shock absorber. If one
opts for the FEM it is necessary to run various cases until a given design
bound is met.

There are many other examples along these lines which will be dis-
cussed in this book. For now we bring another point of view into theSee M.L. Bucalem and K.

Bathe, The Mechanics of
Solids and Structures —
Hierarchical Modelling and
the Finite Element Solution,
Springer, 2011 and N. Jones,
The credibility of predictions
for structural designs
subjected to large dynamic
loadings causing inelastic
behaviour, International
Journal of Impact
Engineering, 53, pp.
106–114, 2013.

discussion.

The FEM is capable of yielding accurate solutions but at least three
aspects should be known in advance: the way the structure is supported,
the intensity in time of the loads and the response of the material from
which the structure is made. All these aspects are difficult to be known
precisely, in striking contrast with the precision of the analyses tool
used, ie here FEM. Hence, in many cases, given the lack of knowledge
on the above variables, a more straightforward analytical solution can
give acceptable results.

There is perhaps a more subtle argument for the study of analyti-
cal models. Analytical solutions require a dose of imagination. FEM
modelling requires operational procedures, greatly simplified by power-
ful graphical interfaces between the analyst and the computer. Also,
if one does not learn the fundamentals of the FEM, via an analytical
approach, no further progress is possible in the numerical area.

Many important problems can be solved by elementary equations
steamed from basic mechanics laws. To model a problem and to choose
the right equations to describe it, hinges on the imaginative process of
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2.3. Oblique central impact 41
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Oblique impact of two disks
moving on a frictionless
surface.

� impact of two disks

Consider the impact of two flat disks moving on a frictionless sur-
face as in the next figure and evaluate their final velocities. Assume a
coefficient of restitution e.

Since v′Bn
− v′An

= e(vAn − vBn), we write for the normal direction,
n,

mAvAn +mBvBn = mAv
′
An

+mB [v
′
An

+ e(vAn − vBn)],

from which it follows, with mr = mA/mB , that,

v′An
=

1

1 +mr
[(mr − e)vAn + (1 + e)vBn ]

and

v′Bn
= (1 + e)mrvAn + (1− emr)vBn ,

with vAn = vA sinα and vBn = vB sinα, being α the angle between vA
and vB . Of course that vAt = v′At

and vBt = v′Bt

�

There are some practical problems where the colliding objects have
their motion somehow restrained, as illustrated in the next figure. Again
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2.4. In plane rigid body dynamics: eccentric impact 47

 

A rotating ball launched
counter clockwise (left) and
clockwise (right).

of the rod plus of the bullet just after impact, see next figure, from which
it follows that

mbvbl cosα = mblv
′
bx +mrv̄

′
rL/2 + Īω′.

The use of the coefficient of restitution yields

v′r − v′bx = evb cosα,

which, together with the previous equation gives

ω′ =
3lmbvb cosα(1 + e)

3mbl2 +mRL2
and v′bx = vb cosα

(
3mbl

2 −mRL
2e

3mbl2 +mRL2

)

.

The final velocity is the vector addition of v′bx and v′by = vb sinα.

The reactive impulse in the x direction comes from mbvb cosα +
Fx∆t = mSv

′
bx

+mRv̄
′
R, giving

Īx = Fx∆t = (1 + e)mbmRvb cosαL

(
3l/2 − L

3mbl2 +mRL2

)

,
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2.7. Problems 55

B

A

a

P

G

b

A rod hitting a corner.

8. Considering a row of n spheres held by strings, as in the figure
below, obtain the velocity of the last sphere assuming an initial
impact velocity V0 and a coefficient of restitution e between any
pair of spheres.

V
0

A row of spheres being hit by
the first one.

9. A block moving on a frictionless surface with velocity v collides
against stationary identical block with an angle α between the
common normal direction and the path of the travelling block.
Evaluate the deflected angle of the two blocks as a function of the
restitution coefficient e.

10. Based on the next figure, determine the final velocity of block A
and sphere B as a function of the angles shown.
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3.1. Strain–stress waves 65

A

l Weight

Collar

V
0

G

A mass hitting a bar.

The strain energy in the wire when equated to the kinetic energy
gives

Al

∫

εdσ =
Alσ2

2E
=
GV 2

0

2
→ σ =

√

GEρ

m
V0.

The stress level according to the wave theory is

σd =
√

EρV0,

so that

σd
σ

=

√
m

G
.

For a small striking mass, G, the actual stress can be many times
larger than the one obtained by the strength of materials approach. Note
that the stress level depends largely on the impact velocity.

�

The problem above is not completely solved because wave reflection
at the extremes of the bar has not been taken into account. We will come
back to this problem in the sequence and will be able to understand what
the Hopkinsons, father and son, at the turn of the nineteenth–twentieth
century, concluded: that the wire breaks at the suspension point and not
at the impact point. They found that the wire rupture does not depend
on the falling mass but rather on its velocity.
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3.7. Visco–elastic waves: dispersion 85

3.7 Visco–elastic waves: dispersion

Hookean materials, ie the ones which obey, in the uniaxial case, the
constitutive law σ = Eε, are not able to represent many materials we
daily use in devices and structures well. Take for instance a polymeric
string. If a mass is hanged by it, it may displace further and further
as time passes by and this is indicative of the so called visco–elastic
material response, not contemplated by the Hook law for the lack of the
parameter time. Indeed, there are a myriad of materials; science and
technology strive to develop constitutive laws so structures made with
them can be correctly analysed. The next figure gives an account of
some common material models.

Material

elastic
linear

plastic

visco-
elastic
linear

visco-
plastic

elastic
non-
linear

visco-
elastic non-

linear

Some material models.

To model the behaviour of materials that are time dependent, a com-
mon practice is to use a set of springs and dashpots, assembled in a way
thought to represent some measured response. For instance, the use of
one spring and one dashpot working in parallel, known as Kelvin–Voigt
model, can represent the phenomenon of creep, defined as the solid defor-
mation under the action of a, usually constant, stress whose magnitude
is lower than the flow stress.
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4.7. Digital signals 131

with

F (ω) =

∫ ∞

−∞
f(t)e−iωtdt

being the Fourier transform of our function, f(t).
This equation has the important characteristic of representing a func-

tion in the frequency domain rather then in time, allowing us to obtain
the spectrum of a signal, ie its representation in terms of frequency. Of
course we measure a signal in time, but with the Fourier transforma-
tion we readily represent it in the frequency domain. This is useful in
many ways since the frequency content of a signal can disclose interesting
aspects that are not evident in the time domain.

Observe that the Fourier transform is a complex number. Accord-
ingly, we write

F (ω) =

∫ ∞

−∞
f(t)e−iωtdt =

∫ ∞

−∞
f(t) cosωtdt+ i

∫ ∞

−∞
−f(t) sinωtdt,

or
F (ω) = A(ω) + iB(ω),

with

|F (ω)| =
√

A(ω)2 +B(ω)2

︸ ︷︷ ︸

modulus

φ(ω) = tan−1 B(ω)

A(ω),
︸ ︷︷ ︸

phase

which are the modulus and the phase of the transformed signal at the
given frequency.

Note that in the case of Fourier series of a periodic signal, we obtain
the amplitude of the various harmonic that are associated with discrete
values of frequency. In the case of the Fourier transform of a non–
periodic signal, the spectrum is defined for all real values of frequency.

� fourier transform and series

Obtain the Fourier transform and the Fourier series coefficients for
the function depicted in the next figure.

The Fourier transform (of the non–periodic function) is calculated
from

F (ω) =

∫ 0

−1
(t+ 1)e−iωtdt+

∫ 1

0
(−t+ 1)e−iωtdt =

2

ω2
(1− cosω) =

2

ω2
2 sin2

ω

2
,
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164 Chapter 5. Visco–plastic dynamics of beams and plates

two volumes which are then subjected to equal values of air pressure.
This does not displace the panel to any side. At the opposite end of the
pannel, one of the chambers has a kind of inspection window covered
with a a soft sheet of a paper like material. An electrical resistance can
easily tear this paper and pressurized air is suddenly released to the en-
vironment. Since the other chamber is still pressurized this generates a
load difference in the panel, which responds eventually with permanent
deformation.

(a) A rig to apply a pressure
pulse in plates and (b) an
actual pressure pulse. From
G.K. Schleyer, S.S. Hsu,
M.D. White and R.S. Birch,
Pulse pressure loading of
clamped mild steel plates,
International Journal of
Impact Engineering, 28, p.
223–247, 2003.

 

As evident from the figure, this pressure pulse does not resemble the
rectangular one used in the analyses of the previous sections. Had we
used it, the integrations of the equations of motion would be further
complicated. Hence, it would be very useful to transform a real pulse
into an equivalent rectangular one. To this end, consider the definition
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186 Chapter 5. Visco–plastic dynamics of beams and plates

Post–severance velocity
profile in the moving hinge
phase for a circular plate with
ν ≥ 2.

V
0

w
.

ξ

W
cm

.
W

sm

.

W  =V
0

.

r

ξ
.

which can be integrated once and, using Mθ =M0, gives

Qr =
1

r

(

µ

∫

rẅdr −M0 + c1

)

,

or

Qr =
µẄsm

R− ξ

(
r2

3
− ξr

2
+
ξ3

6r

)

+

µ(V0 − Ẇsm)ξ̇

(R− ξ)2

(
Rr

2
− r2

3
− ξ2R

2r
+
ξ3

3r

)

,

since Qr|r=ξ
= 0.

The transverse shear force, Qr, is zero at the support and noting that
R2/6−ξ2/2+ξ3/3R
R2/3−ξR/2+ξ3/6R = R+2ξ

2R+ξ , we obtain

Ẅsm = −(V0 − Ẇsm)ξ̇

(R − ξ)

(R+ 2ξ)

(2R+ ξ)
,

which can be written as Ẅsm = (dẆsm/dξ)ξ̇ and integrated to yield

V0 − Ẇsm =
βΞ

(2R + ξ)(R − ξ)

since Ẇsm = Ẇs̄ when the hinge is at ξ = ξ0 and defining

Ξ = (2R + ξ0)(R − ξ0).

Now,

Mr =M0 +
1

r

∫

rQrdr +
c2
r
,

or

Mr =M0 −
µξ̇β

(R − ξ)3
Ξ

(2R + ξ)
×
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CHAPTER 7

Material behaviour and failure

A camera–light system
filming a material test.

We have seen in Chapter 3 that the material behaviour bridges the
kinematic and equilibrium equations of a structure. These differential
equilibrium equations and their associate kinematic fields have long been
established in the 19th. and 20th. centuries for many basic structures.
But, as new materials are being conceived daily, it is always necessary
to develop accurate mathematical models to describe their behaviour.
With this in mind, the so called constitutive equations need constant
improvement to reflect some odd material behaviour, as the ones de-
picted in the next figure.

Perhaps here is the best Chapter to bear in mind the importance of
the material behaviour as the one bridging equilibrium and kinematics.
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266 Chapter 7. Material behaviour and failure

A ring (washer) under
different stages of
compression. White circles
reveal a region that does not
move much in the radial
direction.

 

 
 

It has been shown that, when the ring length (thickness) equals the
external to internal diameters difference, the traditional Kolsky expres-
sion for the material strength should be corrected to

s = 0.87
EbAb
As

et.

Such a correction takes into account friction; no lubrication between the
bars–material interfaces should be applied. We have here an important
advantage of the use of ring specimens since it is literally impossible
to perform a test with zero friction, specially in tests at high and low
temperatures, as these extreme temperatures degrade the lubricant prop-
erties. We also mention that the strain rate in tests using rings tends to
be more constant then when using disks. An example of how the rings
perform is given in the next figure.See M. Alves, D.

Karagiozova, G.B. Micheli
and M.A.G. Calle, Limiting
the influence of friction on
the split Hopkinson pressure
bar tests by using a ring
specimen, International
Journal of Impact
Engineering, 49, p.130–141,
2012.

7.5.3 Inertia and punching effects correction

In the same way energy is required to overcome friction, it is also a
consequence of the EWM test that the sample will be accelerated in
the thickness and radial direction. This energy causes an inertia effect,
which is marginal in some cases. For instance, the measured stress level
is affected by some 1% for copper.

The so called punching effect is also quite small. It arises due to the
fact that a disk shape specimen tends to deform elastically the bars in the
specimen–bar contact zone. This has been quantified, being found thatSee Displacement correction

for punching at a dynamically
loaded bar end, K. Safa and
G. Gary, International Journal
of Impact Engineering, 37,
p.371–384, 2010.

it is more important when brittle materials are tested, where attention
to small strains are necessary. For ductile materials, only at strains of
less than say 1% this would be important.
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8.2. Finite elements for beams 307

with
[N̄ ] = {x}[A]−1 = [1− x/Le x/Le]

being the shape function matrix.
The functional 1

2

∫ Le

0 σεAdx becomes

EA

2

∫ Le

0
{u1 u2}

d[N̄ ]T

dx

d[N̄ ]

dx
{u1 u2}dx

since ε = ∂u/∂x = d[N̄ ]/dx {u1 u2}. This axial degree of freedom should
be incorporated in the right position of the stiffness matrix and load Note that torsion, which

naturally arises in 3D frames,
is not considered here.

force, yielding the more complete beam finite element translated to the
following algebraic system of equations

E

Le












A 0 0 −A 0 0
0 12I

L2
e

6I
Le

0 − 12I
L2

e

6I
Le

0 6I
Le

4I 0 − 6I
L2

e
2I

−A 0 0 A 0 0
0 − 12I

L2
e

− 6I
Le

0 12I
L2

e
− 6I

Le

0 6I
Le

2I 0 − 6I
Le

4I


















u1
w1

θ1
u2
w2

θ2







=







N1

F1

M1

N2

F2

M2







.

Applying boundary conditions and loads

Let us now consider the hyperstatic problem of the beam in the next
figure. The beam is represented by a single finite element. With this
problem we will show how to impose boundary conditions and to apply
concentrated loads to a finite element model.

L

M

A hyperstatic beam problem
solved using a single FE.

Since the distributed loads, the transverse shear force and the normal
force are all zero, the load vector reduces to

{Fe} =

∫

Le

p[N̄ ]dx+

[

Q[N̄ ]−M
d[N̄ ]

dx

]

= −M d[N̄ ]

dx
= ⌊0 0 0 −M⌋T .
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9.3. A non–linear beam finite element 343

equation and, for that, the finite strain variation is given by

δεx = δ

[

du

dx
+

1

2

(
dw

dx

)2

+ zκ

]

=
dδu

dx
+

dw

dx

dδw

dx
− z

d2δw

dx2
,

which, times the stress σx, results in

δWint =

∫ [(
dδu

dx
+

dw

dx

dδw

dx

)

N − z
d2δw

dx2
M

]

,

If we now collect the terms involving δu and δw and use the expres-
sions for the external work, we obtain the so called weak forms

∫
dδu

dx
N =

∫

δufdx+Q1δ∆1 +Q4δ∆4

and ∫ [
dδw

dx

dw

dx
N − d2δw

dx2
M

]

dx =

=

∫

δwqdx+Q2δ∆2 +Q3δ∆3 +Q5δ∆5 +Q6δ∆6.

An interesting remark here is that, from the above functional, ie from
this weak form, we can obtain the equilibrium equation for the beam, as
we have done using the so called vector approach. To this end, we need
to eliminate the differentiation in the virtual displacements, which can
be done by integration by parts of the above equations.

When the equilibrium equations obtained by the weak form and by
the vector approach are the same, we refer to a consistent set of equilib-
rium equations, meaning that the assumed kinematic simplifications are
consistent with the assumed simplification in the vector components of
transverse shear force, normal force and bending moment.

Now that we have a consistent set of equilibrium equations, we can
obtain the governing equation for the beam by joining the kinematic
and stress fields via the material constitutive law, assumed here to be
the linear one, ie σ = Eε. This will render the normal force and the
bending moment as

N =

∫

EεdA = A1

[

dδu

dx
+

1

2

(
dδw

dx

)2
]
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10.5. Model and prototype made of different materials 385

and the smaller the scaling factor β, the larger the difference between
the dimensionless mid-displacement of models and prototype. This is
all expected since the usual scaling laws cannot cope with models and
prototype made of different materials.

The figure also shows the same dimensionless mid–span beam dis-
placement for the mild steel prototype and for the aluminium models
but now subjected to the correction outlined before. It is rather evident
and convincing that models and prototypes behave the same; indeed the
error in this case is zero.
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Consider now the temperature independent Johnson–Cook constitu-
tive equation

σd = (A+Bǫn) (1 +C ln ǫ̇∗) ,

with ǫ being the equivalent plastic strain, ǫ̇∗ = ǫ̇/ǫ̇0 is the dimensionless
plastic strain-rate for ǫ̇0 = 1/s, a reference strain-rate, A, B, C and n
material constants. We can write

βσ =
(Am +Bmǫ

nm
m ) (1 + Cm ln ǫ̇∗m)

(
Ap +Bpǫ

np
p

) (
1 + Cp ln ǫ̇∗p

)

and, from ǫ̇p = (β/βV )ǫ̇m, it follows that

βσ =
(Am +Bmǫ

nm
m ) (1 + Cm ln ǫ̇∗m)

(
Ap +Bpǫ

np
p

) (

1 + Cp ln
(
βǫ̇∗m
βV

)) = βσ0βσd ,

with

βσ0 =
Am +Bm ǫ

nm
m

Ap +Bp ǫ
np
p

,
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βth/β = 0.0588.

It is very important to realize that, in this specific case, the moving
mass is the ship so, if the thickness is distorted, it is also the ”impact
mass” itself, and this should be taken into account.

10.8 Closure

The scaling laws were presented in this chapter to convey the important
fact that it is possible to impact test large structures with the aid of small
models. The results obtained from these models can be projected on the
actual structure size if the right corrected scaling laws are observed.

The subject of scaling went so far that it is possible to work with a
model whose not all dimensions are scaled by a single scaling factor β.
This has important practical consequences since, as seen here, it is not
possible to find a sheet thickness that scales as desired in many cases.

With the advent of 3D printing, it is also important to take note that
new mathematical procedures dealing with the scaling laws allows one
to test a structure model whose material is different from the prototype
model. Although in its infancy, distorted scaling may well be an impor-
tant aid to experimental mechanics, for inferring the behaviour of both
very large and very small structures.

Having now a more comprehensive knowledge on impact engineering,
we can move on to our last chapter, where various application of this
engineering field will be explored.

10.9 Problems

1. For a clamped beam under a pulse velocity, obtain an expression
for the scaled velocity such that the scaling is exact. Adopt the
Norton law to describe the material strain rate sensitivity.

2. Obtain the variable force in the VSGd basis and show that it re-
duces to β2 when there is no geometrical distortion or strain rate
effects.

3. What are type I and type II structures? What would be the most
appropriate of these structures to test scaling laws? Why?
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(a) (b) 

 

a) Flexible road barrier made
from steel and b) concrete
barrier.

grade A, B or C. Grade A means low severity, while B and C are as-
sociated with a serious injury or even fatal to the car occupants. ASI
is calculated by placing an (virtual) accelerometer in the car center of
gravity. It is computed along the impact event and its maximum value
and the maximum acceleration is used to evaluate it. If maximum ASI
exceeds 1.0 or 1.4, then the impact event is considered very dangerous
or lethal for the passengers. For THIV, the occupants head is consid-
ered to be a freely moving object that, as the vehicle changes its speed
during contact with the road barrier it continues moving until it strikes
a surface within the interior of the vehicle at a certain speed limit. The
PHD describes the head deceleration after this impact.

Metallic guardrails composed by w–beam are installed with different
cross section posts, like C shape, wood, etc. but here we explore only the
so called sigma post placed every 2 m along the guardrail. The inclusion
of the soil and their property adds flexibility to the metallic guardrail
and makes the behaviour of the system closer to the real installations
on highways. The deformable vehicle model with 25037 finite elements
is based on a commercial vehicle obtained in the NCAC database. It is
a light vehicle of 894 kg with no passengers, as shown in the next figure.

Impact Engineering, www.impactbook.org, v1 2020, ISBN: 978-85-455210-0-6, M Alves


